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1 Matsushima’s Criterion

Let G be a reductive algebraic group over an algebraically closed field k.
The following was proved by MATSUSHIMA in a complex-analytic setting,
but is true in the algebraic geometry setting in any characteristic since a
closed subset of an affine variety is itself affine, and a quotient of a reductive
group G by a closed subgroup H is affine if and only if H is reductive too.

Theorem 1 Let X be an affine G-variety, and let x € V' have a closed orbit
G - x. Then the stabilizer G is reductive.

2 Luna’s Criterion

Let G be a reductive algebraic group over an algebraically closed field k of
characteristic 0, and H C G, a reductive subgroup.

Theorem 2 Let X be an affine G-variety, and let x € X be a fized point of
H (or equivalently H C G, ). Then the following statements are equivalent:

(i) The orbit G - x is closed.

(ii) The orbit Ng(H) - = is closed.

Note that Ng(H) - X" C XH. Therefore in (ii) one needs to check only
that Ng(H)-x is closed in X ¥ . If Ng(H)/H is finite, then the orbit Ng(H) -z
is finite, hence closed.

Theorem 3 Let V be a finite-dimensional G-module, and let x € V be a
fized point of H. Assume 0 is in the closure of the orbit G - x. Then 0 is
already in the closure of Ng(H) - x.

Theorem 4 The following statements are equivalent:



(i) The group Ng(H)/H is finite.

(ii) In every affine G-variety X every G-orbit that meets the fized point set
XH s closed.

This criterion applies in particular if H =T C G is a maximal torus.

3 The Hilbert-Mumford Criterion

The notions of stability and related notions apply for actions of algebraic
groups on algebraic varieties, but are relevant almost only for actions of
reductive groups. In this text we confine ourselves to linear actions, a case
where these notions are especially easy to understand.

3.1 Stability for Linear Actions

Definition Let G be an affine algebraic group over an algebraically closed
field k. Let V be a finite-dimensional rational G-module. A point x € V'
is called

unstable if 0 is in the closure of the orbit G-z, i.e. 0 € G - z,
semistable if z is not unstable, i.e. if 0 € G - x,

stable if x # 0 and the orbit G-z is closed and of maximal dimension
(among all orbits),

properly stable if x #£ 0, the orbit G - x is closed, and the stabilizer
G is finite.

We denote the sets of unstable, semistable, stable, or properly stable
points by
Vi, Vss, Vs, v.(0) respectively.

s

We call the action of G on V properly stable (stable, semistable)
if there are properly stable (stable, semistable) points in V', in other

words if V. £ 0 (Vs # 0, Vss # 0). We call the action unstable if all
points are unstable.

Remarks

1. V=V, U V.
2. VIV CV, C V.
3. VS(O) =V, or (), depending on whether
maxdim{G -z |z € V} =dimG or <dimG.

In other words: If there are properly stable points, then all stable
are properly stable.



4. If the action is properly stable, or v #£ (), then trdeg K (V)¢ =
dimV — dim G, in particular dim V' > dim G.

5. If x is unstable, then p(x) = p(0) for every morphism p: V — Y
that is constant on the orbits. In particular this holds for every
invariant p € O(V)C.

Problem Let G be almost simple, and let V' be an irreducible G-module
with dim V' > dim G, but V 2 g = Lie(G) as G-module. Is the action
of G on V properly stable? (In characteristic 0 this follows by a stupid
case-by-case inspection.)

Examples For G = SLs and V = Ry, the vector space of forms of degree
d we consider (as x € V) a form F' € Rq. We'll prove in Section

e F'is unstable if and only if F' has a linear factor of multiplicity

d
>4

e [ is semistable if and only if all linear factors of F' have multi-
plicity < %

e (For d > 3) F is stable if and only if F' has only linear factors of
multiplicity < %. In this case F' is even properly stable.

3.2 Stability for Reductive Groups

Now we assume that G is reductive. Then we know that the invariant algebra
O(V)@ is finitely generated and defines a “good” quotient 7: V — V/G,
that is a morphism with the properties

e O(V/G) =0O(V)C.
e 7 is constant on the orbits.

e 7 has the universal property for morphisms that are constant on the
orbits, in other words, it is a categorial quotient.

e 7 separates the closed orbits.

Remarks Let G be reductive, and V be a rational G-module.

1. V,, = 7 17(0) since 7 separates the closed orbits.

2. Let O(V)E = k[f1,..., fm] where the f; € O(V)Y are homoge-
neous of degrees > 1. Then the quotient map is

= (f1,.- -, fm): V —V/G— k™,
therefore

reV,<= file)=...=fn(z)=0<= 2 V(fi,..., fm),



the set of common zeros. This was HILBERTs definition of unsta-
ble (“Nullform” in the case where G = SL,, and V = Ry, the
space of homogeneous forms of degree d).

3. In particular V,, is a closed cone in V', the “nullcone”, where
“cone” means that x € V,, and A € kX imply that Az € V,,.

4. z is semistable if and only if there is a homogeneous invariant
f € O(V)% of degree > 1 such that f(z) # 0. In particular
Vss =V —V, is an open cone in V.

5. The action is unstable <= V,, = V <= 0 is in the closure of
every orbit <= V/G has only one element <= O(V)% = k.

6. An example for 5 is G = k*- 1y C GL(V) as well as any group
between k*- 1y and GL(V).

Note (without proof) Let G be semisimple. Then

e Only very few G-modules have an unstable G-action.

e Only finitely many G-modules have a G-action that is not stable.

Proposition 1 Let G be reductive, V be a rational G-module, and
m: V. — V/G be the good quotient. Then Vs C V is open, and the restriction
7w: Vs — w(Vs) is a geometric quotient, that is, its fibers are the orbits.

Proof. Since V; consists of closed orbits in V', the map 7 separates them. We
have only to show that V; is open. We may assume that the action is stable,
that is Vs # 0.

Let m = max{dim G-z|x € V}. Then theset Z = {z € V| dim G-z < m}
is closed and G-stable. Hence 7Z C V/G is closed, and U := (V/G) — nZ
is open. Thus 7~'U C V is open and G-stable and consists only of m-
dimensional orbits. Claim: 7~ U = V.

Assume z € 77 'U. Then mx ¢ nZ. Hence the closed orbit that is con-
tained in the closure of GG - ¢ has dimension at least m. But dimG - x < m,
hence G - x itself is this closed orbit, thus z € V.

Conversely if z € Vi, then mx & 727, hence x € 77 1U. ¢

3.3 One-Parameter Subgroups

A (multiplicative) one-parameter subgroup of an algebraic group G is (by
abuse of notation) a homomorphism

X G, — G

of algebraic groups where G,,, = k* is the multiplicative group. Let V be a
rational G-module. If for x € V' the morphism

B —V, t—= A\¢) -z,



extends to a morphism \: k& —» V, then we use the notation (by another

abuse)
A(0) =: lim A(t) - v.

t—0

(In algebraic geometry this kind of “limit” is often called specialization. For
k = C this is a limit in the sense of analysis.)

Theorem 5 (The HILBERT-MUMFORD criterion) Let G be a reductive
algebraic group, V' be a rational G-module, and x € V. Then:

(i) = is unstable if and only if there is a one-parameter subgroup
A: Gy, — G with limy—g A\(¢) - x = 0.

(ii) x is not properly stable if and only if there is a one-parameter subgroup
X: Gy, — G, AN(Gy,) # 1, such that limy—g A(t) - = ezists.

The proof is non-trivial. We skip it. The best reference still seems [4]. For a
somewhat more elementary proof over C see [3].

3.4 Binary Forms

We consider the group G = SLy(k) of 2 x 2-matrices with determinant 1

over k. The matrix
_fa b ca
9= \¢ 4

acts on the 2-dimensional vector space k2 by the formula

(¢ 0) ()= (E28)

Denote the coordinate functions k> — k by X and Y, where

() 1)

for all x,y € k. Since the inverse of g is

L (d b
g _<—c a

the contragredient action on the space of linear forms spanned by the coor-
dinate functions X and Y is given by

X —dX —bY,
Y — —cX +4aY.



(In general a function f: k> — k is transformed to f o g~'.) This action
extends to the polynomial ring k[ X, Y] as automorphisms. The homogeneous
polynomials in k[X, Y] of degree d (or “binary forms”) form the S Ly-module

V =Ry= {aon—I—ale_lY—i—---—i—ade]ao,...,ad S k}
FEach F' € R; decomposes into a product of linear factors,
F=L"... L

where the L; € R; are pairwise different, mq + --- + m, = d, and
mi > ...>m, > 0.
Assume d > 1, hence » > 1. Then a suitable matrix in SLo transforms
F to the form
XP.g

where g € Rq_,, has only linear factors of multiplicity < p (or is constant
for p = d). If moreover r > 2, then we may transform F’ even to

(1) F=XPyd.f

where p > ¢, p+q < d, and f € R;4_,—, has only linear factors of multiplicity
< g¢. This transformation applies also for » = 1 if we allow ¢ = 0. To
summarize:

Lemma 1 The SLy-orbit of every F' € Ry contains a form of type (1) where
p>q >0, and f has only linear factors of multiplicity < q. In particular

d—q
(2) F=> aXv
v=p

Theorem 6 An element F € Ry is unstable for the action of SLs if and
only if F' has a linear factor of multiplicity p > d/2.

Proof. We consider the one-parameter subgroup

1
A: Gy —> SLo, )\(t):<6 ?)

and apply A(t) with ¢ € kX to the form F from equation :
d—q
M) F =) a,t XY = aptPIXPY P 4yt
v=p
This has a specialization limy_,g A(¢) - F for t = 0 if and only if 2p — d > 0,
and

~ d
ImA(t) - F=0<=2p—d>0<=p> .
t—0 2



This proves the if-part of the proposition.

For the converse we assume that F' # 0 is unstable. Then by Theorem
there is a one-parameter subgroup A with lim; o A(t) - F' = 0. The image
A(G,,) is nontrivial, hence a one-dimensional torus in S Lo, hence conjugated

with the maximal torus
— § 0 X
{5 yorer)

NGy,) = gTg™! = 7,T for some g € SLy where 7, is conjugation by g.

Let m: SLy — k be the projection to the left upper coordinate Then
ToT, 1o X is an endomorphism of G,,, hence of the form o T, Lo(t) =t
for some r € Z, r # 0. Let us introduce the one-parameter subgroup

0
p: Gy, — T, p(t)z(o t’”)’

Then Ty

o A(t ) p(t) for all t € k>, hence A(t) = gp(t)g~'. For the
polynomlal F =

—1. F we have

p(t) - F=p(t)g™" - F =g '\(t)- F
hence limy 0 p(t) - F = g1 - 0= 0. We write
d

F=> bXv",
v=0

d
p(t) F = Z bytr(2d_y)XVYd_V.
v=0
In the case r > 0 the vanishing of the limit implies b, = 0 for d — 2v < 0,
v> g, thus

_ 1
YP|F with p = [d%}.
In the case r < 0 we likewise get
_ d+1
XP|F withp— [%1.

In any case F' has a linear factor of multiplicity > d/2, and so has F. ¢

An equivalent formulation of Theorem [f] is:

Corollary 1 An element F € Ry is semistable for the action of SLo if and
only if all the linear factors of F have multiplicity < d/2.



By a slight modification of the proof—looking for the existence of the
limit rather than for its vanishing—we get that in the case r > 0 the exis-
tence of the limit implies b, = 0 for d — 2v < 0, v > %, thus

_ d
YP| F withp= [51

Likewise for » < 0 4
XP\F with p = [5},

in any case a factor of multiplicity > %l if F'is not properly stable. This

proves the equivalence of (i) and (ii) in the following:

Corollary 2 Assume d > 3, and F € Ry. Then the following statements
are equivalent:

(i) All linear factors of F' have multiplicity < d /2.
(ii) F is properly stable for the action of SLs.

(iii) F s stable for the action of SLs.

Proof. “(iii) = (ii)”: For d > 3 there exist properly stable points. Hence
stable points must be properly stable. <
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