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1 Matrices over Rings

Let R be a ring (commutative with 1). The “multiplicative group” of R is
the group of invertible elements

R
× = {a ∈ R | ab = 1 for some b ∈ R} = {a ∈ R | a divides 1}.

In the same way the (non-commutative) R-algebra Mqq(R) of q×q-matrices
over R has a group of invertible elements (“general linear group”)

GLq(R) = {A ∈ Mqq(R) |AB = 1q for some B ∈ Mqq(R)}.

The determinant defines a multiplicative map

Det: Mqq(R) −→ R,

and

A ∈ GLq(R) =⇒ AB = 1q for some B =⇒ DetA ·DetB = Det1q = 1

=⇒ DetA ∈ R
×
.

The converse implication is also true. For a proof we consider the adjoint
matrix Ã = (ãij) where

ãij = Aji = Det





a11 . . . a1,i−1 a1,i+1 . . . a1q
...

...
...

...
aj−1,1 . . . aj−1,i−1 aj−1,i+1 . . . aj−1,q

aj+1,1 . . . aj+1,i−1 aj+1,i+1 . . . aj+1,q
...

...
...

...
aq1 . . . aq,i−1 aq,i+1 . . . aqq





Using this we can prove:

Proposition 1 For A ∈ Mqq(R) the following holds:

(i) AÃ = DetA · 1q.
(ii) A ∈ GLq(R) ⇐⇒ DetA ∈ R

×
; if this is true, then

A
−1 =

1

DetA
Ã.

Proof. (i) is the expansion rule for determinants.
(ii) immediately follows from (i). ✸

In particular Det induces a group homomorphism GLq(R) −→ R
×.
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Example For R = Z/nZ the statement (ii) of Proposition 1 can be rewrit-
ten as:

A ∈ Mqq(Z) is invertible mod n ⇐⇒ DetA is coprime with n.

Remarks

1. The expenses for calculating the inverse matrix A
−1 are, if state-

ment (ii) is naively evaluated:

• one q×q-determinant with q! summands, each with q factors,

• q
2 determinants of size (q − 1)× (q − 1).

This is extremely inefficient—it is exponential in q.

2. Using Gaussian elimination the expenses drop to O(q3). But this
is not quite true: Exact calculation produces rational numbers
with huge numerators and denominators that require additional
resources.

There is a modification of the elimination algorithm that uses only integers
and is much more efficient, see the next section. However also this procedure
produces large intermediate results.

An alternative algorithm uses the Chinese Remainder Theorem: Each
ring homomorphism ϕ : R −→ R

� induces a homomorphism of R-algebras

ϕq : Mqq(R) −→ Mqq(R
�)

by componentwise evaluation. If A ∈ Mqq is invertible, then

ϕq(A)ϕq(A
−1) = ϕq(AA

−1) = ϕq(1q) = 1q.

Hence also ϕq(A) is invertible. Furthermore Detϕq(A) = ϕ(DetA), so we
have a commutative diagram

Mqq(R)
ϕq−−−−→ Mqq(R�)

Det

�
�Det

R −−−−→
ϕ

R
�

Applying this to R = Z we use the residue class homomorphisms Z −→ Fp (p
prime) for sufficiently many primes p such that the product of these primes
is > DetA. Then we calculate

• DetA mod p in all the fields Fp (avoiding huge numbers, since all inter-
mediate results may be represented as numbers between 0 and p− 1),

• DetA ∈ Z using the Chinese Remainder Theorem.


