
A.8 Quadratic Non-Residues

How to find a quadratic non-residue modulo a prime p? That is, an integer
a with p - a that is not a quadratic residue mod a. The preferred solution is
the smallest possible positive one. Nevertheless we start with �1:

Proposition 21 Let p � 3 be prime.

(i) �1 is a quadratic non-residue mod p () p ⌘ 3 (mod 4).

(ii) 2 is a quadratic non-residue mod p () p ⌘ 3 or 5 (mod 8).

(iii) (For p � 5) 3 is a quadratic non-residue mod p () p ⌘ 5 or 7
(mod 12).

(iv) (For p � 7) 5 is a quadratic non-residue mod p () p ⌘ 2 or 3
(mod 5).

Proof. (i) This follows from Proposition 20. However there is an even simpler
proof:
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(ii) This also follows from Proposition 20: By the adjacent remark
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p () p ⌘ 1 or 7 (mod 8).
(iii) We use the law of quadratic reciprocity:
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(�1)6k(13) = 1 if p = 12k + 1,

(�1)6k+2(23) = �1 if p = 12k + 5,

(�1)6k+3(13) = �1 if p = 12k + 7,

(�1)6k+5(23) = 1 if p = 12k + 11,

=

(
1 if p ⌘ 1 or 11 (mod 12),

�1 if p ⌘ 5 or 7 (mod 12).

(iv) By quadratic reciprocity
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1 if p ⌘ 1 or 4 (mod 5),

�1 if p ⌘ 2 or 3 (mod 5),

as claimed. 3

Corollary 1 241 is the unique odd prime < 400 for which none of �1, 2,
3, 5 are quadratic non-residues.
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Corollary 2 For each odd prime p at least one of �1, 2, 3, or 5 is a

quadratic non-residue except for p ⌘ 1, 49 (mod 120).

For arbitrary, not necessarily prime, modules we have some analogous
results:

Lemma 19 Let n 2 N, n � 2. Assume that ( an) = �1 for some a 2 Z.
Then a is a quadratic non-residue in Z/nZ.

Proof. Let n = pe11 · · · perr be the prime decomposition. Then
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Hence for some k the exponent ek is odd, and ( a
pk
) = �1. Then a is a

quadratic non-residue mod pk. Since Fpk is a homomorphic image of Z/nZ,
a is a forteriori a quadratic non-residue mod n. 3

Corollary 3 Let n 2 N, n � 2, and not a square in Z.

(i) If n ⌘ 3 (mod 4), then �1 is a quadratic non-residue in Z/nZ.

(ii) If n ⌘ 5 (mod 8), then 2 is a quadratic non-residue in Z/nZ.

And so on. Unfortunately this approach doesn’t completely cover all
cases, see the remark below. Nevertheless we note that an algorithm for
finding a quadratic non-residue needs to address the cases n ⌘ 1 (mod 8)
only. Again there are two variants:

• A deterministic algorithm that tests a = 2, 3, 5, . . . in order. Assuming
ERH—for the character � = ( •n)—it is polynomial in the number
log(n) of places.

• A probabilistic algorithm that randomly chooses a and succeeds with
probability 1

2 each time, yielding ( an) = �1. Computing the Jacobi
symbol takes O(log(n)2) steps. In the average we need two trials to hit
a quadratic non-residue.

Exercise For which prime modules is 7, 11, or 13 a quadratic non-residue?
What is the smallest prime module for which this approach (together
with Proposition 21) doesn’t provide a quadratic non-residue?

Remark A result by Chowla/Fridlender/Salié says that (with a
constant c > 0) there are infinitely many primes such that
all integers a with 1  a  c · log(p) are quadratic residues
mod p. Ringrose/Graham and—assuming ERH—Montgomery
have somewhat stronger versions of this result.
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Remark There is no global polynomial (in log(n)) upper bound for the
smallest quadratic non-residue that is valid for all modules n. A very
weak but simple result is in the following proposition.

Proposition 22 Let p � 3 be a prime. Then there is a quadratic non-

residue a < 1 +
p
p.

Proof. There are quadratic non-residues > 1 (and < p). Let a be the smallest
of these. Let m = d

p
ae. Thus (m� 1) · a < p < m · a, or

0 < m · a� p < a.

Hence m · a ⌘ m · a� p is a quadratic residue. This is possible only if m is
a quadratic non-residue. Since a is minimal we have a  m. We conclude

(a� 1)2 < (m� 1) · a < p,

hence a� 1 <
p
p. 3
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